Introduction
We denote by (V(G), E(G)) the simple finite graph G having verfex set V(G) and edge set E(G).
A k-colouring I# of G is an assignment of integers from the set { 1,2, . . . , k} to each of the vertices of G in such a way that, whenever (u, V) is an edge of G, then V(U) # V(V). The minimum k for which G has a k-colouring is called the chromatic number of G and is denoted x(G). If in addition to G being k-chromatic we have that, for any edge e of G, x(G -e) = x(G) -1, then we say that G is k-critical, or simply critical.
Given graphs G and H, we may construct a new graph K by adding a set of new edges each incident with a vertex of G and a vertex of H. We call such a graph K, a join of G and H. If in K, every vertex of G is adjacent to every vertex of H then we say that K is the complete join of G and H.
The following problem, thought to have been posed by T. Gallai in 1969 , and based on a construction of G.A. Dirac, was reported by Toft in [S] [9] where they provide a complete answer to Problem 1 in the case when G is a complete graph and H is an odd cycle.
We present three graphs, each of which yields negative answer to Problem 1. The first graph 4 is a 4-chromatic join of two simple cycles of length 7. This graph is of interest in other ways: being 4-regular and having a girth of 4. The second graph r, is a simple derivation of G, being a join of simple cycles of lengths 5 and 7 respectively.
Our final example F; is a 5-chromatic join of a simple cycle of length 5 and a wheel of length 5. r, is also of interest in other respects: it is the smallest K,-free 5-chromatic graph, as reported in [lo] . Each of the examples we give is of small enough order to allow, if one so wished, the use of crude 'coloured pencil' techniques in showing that they have the desired properties.
Indeed, in [lo], some of the properties of r, are verified in precisely this way. Our first two examples may be treated in a less coarse manner, implementing methods introduced in [6] . We shall therefore, only consider the graphs G and G in any detail, referring the reader to [lo] for more information concerning F,. To avoid turning this note into a jungle of notation, definitions are kept to an absolute minimum.
A full and formal discussion of the methods we use may be found in [6] .
A walk W (of length k) in a graph G is a sequence uO, ul, uz, . . . , uk of (not necessarily distinct) vertices of G such that for each i = 0, 1, 2, . . . , k -1, (ui, u~+~) is an edge of G (we call these edges, the edges of W). A walk is called a circuit if it satisfies the extra condition that u. = uk. Circuit addition is taken modulo Z, and not the more usual modulo Z2. As There is a similar converse procedure for obtaining a p-colouring of G from an orientation R of G, where p -1 is the length of the longest monotone path in R (see Roy [7] , Gallai [3] ). Suppose G is an identification of a graph H. Then any orientation R of G induces an orientation R' of H. Moreover, if R is associated with a k-colouring of G then R' is associated with a k-colouring of H. A proof of this very simple result may be found in [6] .
Suppose W is a walk in a graph G and that R is an orientation of G. We may partition the edges of W into two sets which we call forward edges and backward edges respectively: those edges whose orientations (given by R) agrees with their direction of traverse in W are the forward edges, and those whose directions disagree are the backward edges. We denote the sets of forward edges and backward edges by WL and W, respectively.
As an example consider the walk I/ = uo, ul, u2, . . . , us shown in Fig. 1 with the directions assigned to each of its edges determining an orientation which we call R. Here we have: Suppose R is an orientation of a graph G, and W is a walk in G. We define the flow-difference fR(W) of W in R to be fR(W) = IW;;l -lW,l. As an example, for the walk U depicted in Fig. 1 , we have:
An important property of the flow-difference is its linearity, that is to say, in any orientation R of a graph G and for any walks U and V in G:
The only other result we require for our analysis of the properties of 4 and r, is the following well-known, although rather undervalued theorem of Minty [5] . We state it in a slightly different form than is usual, to conform with our notation.
Theorem 1 (Minty).
A
graph G has a k-colouring if and only if it has an orientation R in which each circuit C satisfies

IfR(c)l+
ICI.
An implication of Minty's Theorem is that if a graph is 3-colourable then it has an orientation
R (any orientation associated with a 3-colouring of the graph) in which each circuit C of length 4 satisfies fR(C) = 0, and thus any sum D of circuits of length 4 also satisfies fR(D) = 0. We use properties like these to infer that the graphs 4 and r, are (at least) 4-chromatic.
Examples
Example 1. Let G1 be the graph shown in Fig. 2 . Notice that the outer circuit of G, has length 21. Suppose that we call this circuit C, and label its vertices &I, Ul, . . . , u20, u21 = uo.
Fig. 2. The graph G,.
We now obtain the graph 4 from G, by identifying the walks W, = uo, Ul, . . . 9 u7, W, = u7, us, . . . , u14 and W, = ui4, u15, . . . , uzl. Notice that the circuit C in Gi becomes 'three times' a circuit (D say) of length 7 in r,. We claim that G is 4-critical.
We first show that c is at least 4-chromatic. Let us suppose that q is at most 3-chromatic and has a 3-colouring I/J. Then the orientation R associated with ~JJ induces an orientation S of G, which must be associated with some 3-colouring r/~' say, of G1. Moreover, in S we must have fs(C) = f3. The reason for this perhaps requires a little explanation:
in the orientation R of r,, the circuit D must have a flow-difference of fl to satisfy Minty's Theorem. Now, in the orientation S induced on G1 by R, the edges of C receive the same orientations as their images in r,. It follows then, that the flow-difference of C in S must be precisely 3 times the flow-difference of D in R. Consider now any 3-colouring of G,. In the orientation induced by such a colouring, Minty's Theorem tells us that the flow-difference of each of the face circuits of length 4, must be zero. Similarly, the flow-difference of the face circuit of length 7 must be f 1. Moreover, the circuit C is the sum of all of the other face circuits of Gi, so, from the linearity of the flow-difference, it follows that the flow-difference of C is also fl. This clearly contradicts the flow-difference value of C obtained above, and shows that 4 cannot possibly be 3-coloured.
We have shown that 4 cannot be 3-coloured, so it is at least 4-chromatic. It is easily verified that r, is 4-colourable:
we simply need to exhibit a 4-colouring. This is done in a moment.
First thought, we need to label the vertices of 4 in a convenient manner. G is clearly a join (which is not complete) of two odd circuits of length 7. Call these graphs Zf, and K1 respectively, where H, is the outer 'cycle', and K1 is the inner 'star' in the representation of r, shown in Fig. 3 . We label H, = 210, 211, 212, ' . . ? V6l v. and K, = IV,, w,, we, w2, w,, wl, w,, w,, so that vi is adjacent to wi-, and w~+~(,,,~~~~ for each i = 0, 1, . . . , 6. Consider now the As well as showing us that c is 4-chromatic, we may use v to show that G is critical in the following way: if we remove the edge (w2, wg) then we could re-colour the vertex w, with colour 1, to give a 3-colouring of the graph 4 -(wZ, wg). This shows (by symmetry) that all edges of the form (wi, wj) are critical to the 4-colourability of G. In the same way, removing the edge (uq, wS) allows us to re-colour w, with colour 2, implying that all edges of the form (vi, w,) are also critical. Just a little more work is required to show that edges of the form (vi, v,) are critical. We have to first swap the colours of u4 and w, in q. Then we may proceed as before, removing the edge (vq, us) and recolouring vq (which at the moment has colour 4) with colour 1.
We have now shown as required, that every edge of G is critical to it being 4-chromatic.
Example 2. Let G2 be the graph shown in Fig. 4 . Notice that the outer circuit of G2 has length 15.
We obtain the graph G from G2 in precisely the same way as we obtained 4 from G1, but this time by identifying three walks each of length 5 which constitute the outer circuit of G2.
The graph G is shown in Fig. 5 . Clearly r, is a join of circuits of length 5 and 7 respectively. The proof that G is critically 4-chromatic follows in a manner almost identical to that used for r, (although the critical part is a little messier). We leave this as an easy exercise for the over-zealous reader. The reason for including this example at all, is that it may be the smallest such join of odd circuits. It is not though, the smallest example of a graph yielding a negative answer to Problem 1 as we have a stronger contender for this title in the graph G coming up next.
Example 3. Our final example, r, is shown in Fig. 6 . This is the smallest &-free Schromatic graph. Moreover, Jensen and Royle have shown, via a computer search, in [4] that this graph is the only one of the 56 such graphs on 11 vertices, which is both critical and maximal with respect to not containing a copy of K4. As mentioned earlier, verification of the properties of this graph may be found in the short note [lo] . For this reason we shall say no more about it, except to point out that it is clearly a join of a circuit of length 5 and a wheel of length 5.
